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Topology optimization.
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Geometry optimization.
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Constraint surfaces in a hypothetical two-dimensional design space.
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Linear Programing

Nonlinear Programing
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Discrete (Network) Optimization (@)Mdjh%

Quadratic Programing

Convex Programing

Least Square Programing
Dynamic Programming
Discrete Optimal Control
Sparse Optimization
Semidefinite Programing
Semi-infinite Programing
Nonsmooth Optimization
Global Optimization

Vector Optimization
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L | Hill-Climbing .| Simulated Annealing

.| Branch & Bound || Monte Carlo
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.| Breadth-First || Evolutionary Computation
Best-First ; .
7% Mathematical Programming

|1 Calculus-Based
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Global Optimization Approaches
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Formulate the problem |0
as an optimization

problem

Y

Collect data to 1 Collect data to 1
describe system describe system
Estimate initial design | 2 Estimate initial design | 2
¥ ¥ .
»  Analyze system 3 Analyze system  fe—
Check performance | 4 Check 4
criteria constraints

Y 7 '

Is design Yes Sto Yes | Does design satisfy | 5
satisfactory? 5 P 1< convergence criteria?
Update design based on | 6 Update design using 6
experience/heuristics optimization concepts
(a) (b)

Comparison of: (a) conventional design method; and (b) optimum design method.
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Sloly> Gl 4 55 ilge Glaler ams o iuled 1) Lxe slad o Jlows! dhass 5l adlge G fOIfiO calal, ol jo
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Hamming Distance

ik
Dy = Z|xr‘ —Vi
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xzy=>D=1

X Y Distance
Male Male 0
Male Female 1
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Age Loan Default Distance
25 540,000 N 102000
35 560,000 N §2000
45 580,000 N 62000
20 520,000 N 122000
35 $120,000 N 22000 2
52 518,000 N 124000
23 595,000 Y 47000
40 562,000 Y 80000
60 $100,000 Y 42000 3
48 $220,000 ¥ 78000
33 $150,000 Y . 8000] 1
d
48 A $142,000 ?

2 2
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Age Loan Default Distance
0.125 011 N 0.7652
0.375 0.21 N 0.5200
0.625 031 [~ N&————— (.3160

0 0.01 N 0.9245

0.375 0.50 N 0.3428

0.8 0.00 N 0.6220

0.075 0.38 ¥ 0.6669

0.5 0.22 ¥ 0.4437

1 0.41 ¥ 0.3650

0.7 1.00 ¥ 0.3861

0.325 0.65 ¥ 0.3771
0.7 W . 0.61 -2
W X — Min

Meax — Min
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1. Interpolate betwsen the low value point

b

and high value point 1o find a trial point in
the interval

L]

2. Evaluate function value at
trial point

Doe= trial point satizfy sufficient
decreaze and iz lez2 or equal than low
point

3. Set point to be new high

MO ———- :
walue point

YES
¥

4.1 Evaluate function derivative
at point

4.2 Dosz point satisfy the curvaturs
condition?

4.3 Does derivative sign at point
agres with interval trend?

4.3 Replace high point with low
point

YES

Point iz good NOY
emough +

4.4 Replace low point with trial

point

Exit zoom {end
line saarch)

“Zoom” function in the line search algorithm satisfying the strong Wolfe conditions

Algorithm 2 Line search algorithm

Input: o > 0 and o,y
Output: o,
1 ag=10
2341
3 repeat
4:  Evalnate ¢(ay)
5 if [9la;) = @(0) + pyo¢' (0)] or [0(oy) > (1) and i > 1] then
6 e +— ZOOm( ¥ 1. %)
T: return .
8  end if
9:  Evaluate ¢'(ey)
10:  if |¢'(eu)| £ —pod’(0) then

11: return ., + o;

12 else if ¢/(a;) = 0 then

13: (vs +— ZOOm{ 0k, Cvi—1)

14: return .

15 else

16: Choose ovj+1 such that o; < e < Opax
17:  end if

18: i+i4+1
19: until




Algorithm 3 Zoom function for the line search algorithm

Input: oy, Ohigh

Output: o

1. j+0

2: repeat

3:  Find a trial point a; between aim and amnign

4:  Evaluate o(a;)

5 if @(a;) > o(0) + peyd'(0) or ¢(ay) > Oy ) then
6: Oihjgh +— O

7. else

8: Evaluate ¢'(a;)

0: if |¢' ()] < —pad’(0) then

10: e = (k5

11: return o,

12: else if ¢'(a;)(Ohigh — Vow) = 0 then
13: Othigh +— Clow

14: end if

15: Ojgw +— Oy

16:  end if

11 j+j+1

18: until

1. Choose
initial point

2. BEvaluate function value at
point

3. Bracket interval

3. Does point satisfy sufficient NO —m betwesn previous
decreasa? point and current
point
YES
¥
4. Evaluate function derivative
at point

7. Choose new
NO »  point beyond
current ong

6. Iz derivative
positive?

5. Does point satisfy the curvaturs

condition? L

YES
¥

6. Bracket imerval

between current
point and provious
point

"zoom" function

Point is good
enough

¥
Y

L_____________'

Endline Call "zoom" function 1o
search F find good point in interval

Line search algorithm satisfying the strong Wolfe conditions




Algorithm 4 General algorithm for smooth functions

Input: Initial guess, x;
Output: Optimum, z*
kE+0
while Not converged do
Compute a search direction py
Find a step length ag, such that f(zi + crpr) < f(zk) (the curvature condition may also be
included)
Update the design variables: zp1 + 3 + oppi
k—k+1
end while

Algorithm 5 Steepest descent

Input: Initial guess, xp, convergence tolerances, £4,£, and .
Output: Optimum, =*
k+0
repeat
Compute the gradient of the objective function, g(xe) = V f(xr)
Compute the normalized search direction, pr + —g(xi)/||lg(zi )|
Perform line search to find step length v
Update the current point, xx+1 + o + arpr
k—k+1
until [f(z) — f(Zx-1)| < e + &7l f(2k—1)| and ||lg(zx—1)]| < &4

Algorithm 6 Nonlinear conjugate gradient method

Input: Initial guess, xp, convergence tolerances, £,,5, and &,.
Output: Optimum, =*
k+0
repeat
Compute the gradient of the objective function, g{xy)
if k=0 then
Compute the normalized steepest descent direction, pi +— —g(xze)/||g(ze)]|
else

T
Compute 3 + 22

gi_ Gk—1
Compute the cojrrljlllgatc gradient direction pr = —ai/|lg(ze)|| + Bepr—_1
end if
Perform line search to find step length oy,
Update the current point, xy 1 + = + agpi
k—k+1
until |f(zr) — f(Tr-1)| < ca + &|f(Te—1)| and ||g(zr_1)|| < &4




Algorithm 7 Modified Newton’s method

Input: Initial guess, xp, convergence tolerances, 4,5, and s,
Output: Optimum, x*
k+0
repeat
Compute the pradient of the objective function, g{z)
Compute the Hessian of the objective function, H (x}.)
Compute the search direction, p, = —H g
Perform line search to find step length o, starting with a =1
Update the eurrent point, zp 1 + o + apr
k—k+1
until | f(zr) — f(2k—1)| < €a +&r|f(zr—1)| and |g(zx—1)|| < £

Algorithm 8 Quasi-Newton method with DFP update

[nput: Initial guess, xo, convergence tolerances, g4, £, and &,.
Output: Optimum, z*
k+0
Vo1
repeat
Compute the gradient of the objective function, g(xy)
Compute the search direction, pr +— —Vigr
Perform line search to find step length oy, starting with o + 1
Update the current point, xp.1 + o + appg
Set the step length, s, < appy
Compute the change in the gradient, yr < gr+1 — gk

Vigw PV
Aj\-i— kWU Vi

er_i}'kyk
Bk +— —T-‘Lz:;r
Compute the npdated approximation to the inverse of the Hessian, Vi + V3. — AL + By

until |f(zr) — f(Ze—1)| < o + el f(zr-1)| and ||g{ze—1)]| < g4

Davidon{Fletcher{Powell (DFP) Method



Algorithm 9 Trust region algorithm

Input: Initial guess xg, convergence tolerances, £4, £, and £, initial size of the trust region, hg
Output: Optimum, r*
E+0
repeat
Compute the Hessian of the objective function Mz ), and solve the quadratie subproblem:

minimize g(sg)

1
F(zk) + 9(x)" sk + 55t H(ze)s
wrtl. 5

st. —hp<esp<hg, i=1,....0n

Evaluate f{zy+ s;) and compute the ratio that measures the aceuracy of the quadratic model,

_ flze) — floe+se) _ AS
T T Fon) —q(se) | Ag

if ri = 0.25 then
fpgpr +— |‘2*| {Model is not good; shrink the trust region}
else if rp > (.75 and h; = ||s;|| then
hiey1 + 2R {Model is good and new point on edge; expand trust region}
else
hiy1 + Ry {New point with trust region and the model is reasonable; keep trust region the
same size}
end if
if v < 0 then
Tpy1 + T {Keep trust region centered about the same point}
else
Tpy1 +— T + 5 {Move center of trust region to new point }
end if
E+—k+1
until |f(ze) — f(Ze-1)] < ga + 2o f(ze-1)| and [|g(ze-1)|| < &

Algorithm 10 General algorithm
Check termination conditions. if r; satisfies the optimality conditions, the algorithm termi-
nates suecesstully.
Minimize the penalty function. With ;. as the starting point, execute an algorithm to solve
the unconstrained subproblem

minimize @, pg)
W.I.L. o
and let the solution of this subproblem be 1.

Increase the penalty parameter. Set pp . to alarger value than py, set k = &+ 1 and return
to 1.




Algorithm 11 SQP algorithm

Input: Initial guess (xg, Ag), parameters 0 < n < 0.5
Output: Optimum, r*
E+«0D
Initialize the Hessian estimate, By «— T
repeat
Compute pi. and p; by solving (5.55), with By in place of W)
Choose pp such that py is a descent direction for ¢ at T
o +— 1
while @(T; + opr, i) > (g, ) + Ny D [¢(Ty, pp)] do
g b Taop for some 0 < 7, = 1
end while
Tyl ¢ Tk + OkPE
Aks1 + e+ 75
Evaluate f 1, ki1 G 8nd gy
S OkPk, Yk — V2 L(Tkt1, Abs1) — Ve L(Tk, Akya)
Obtain By, by using a quasi-Newton update to B
E+—k+1
until Convergence

Algorithm 12 Nelder—Mead Algorithm
Input: Initial guess, rg
Output: Optimum, =*
k+0
Create a simplex with edge length ¢
repeat
Identify the highest (r,: worst), second highest (x;, lousy) and lowest (z;: best) value points
with function values f,, f1, and fi, respectively
Evaluate x,, the average of the point in simplex excluding =,
Perform reflection to obtain x,., evaluate f,
if fr < fi then
Perform erpansion to obtain xe., evaluate f..
if f. < fi then
Tuy = Te, fu + fo (accept expansion)
olse
T = Ty, [ + [+ (accepl reflection)
end if
else if f, < f; then
T +— Ty, [ & [r (accept reflected point)
else
if [ > f. then
Perform an inside contraction and evaluate f.
if f. < [, then
Ty +— ¥ (accept contraction)
else
Shrink the simplex
end if
elze
Perform an outside contmection and evaluate f_
if f. < [, then
Ty 4+ Tc (Accept contraction)
olse
Shrink the simplex
end if
end if
end if
k—=k+1
until (fu — fi) < (&1 + €alfsl)




Algorithm 13 DIRECT Algorithm
Input: Initial puess, ro
Output: Optimum, r*
E+0
repeat
Normalize the search space to be the unit hypercube. Let ¢ be the center point of this
hypercube and evaluate f{e;).
Identify the set S of potentially optimal rectangles /cubes, that is all those rectangles defining
the bottom of the convex Imll of a seatter plot of rectangle diameter versus f{e;) for all rectangle
Ccenters ¢
for all Rectangles r € S do
Identify the set I of dimensions with the maximum side length
Set 4 equal one third of this maxirmim side length
for alli = I do
Evaluate the rectangle /cube at the point e, & de; for all i £ I, where ¢, is the center of
the rectangle r, and e; is the i'® unit vector
end for
Divide the rectangle r into thirds along the dimensions in I, starting with the dimension with
the lowest value of f(e £ de;) and continuing to the dimension with the highest f(ec 4 de;).
end for
until Converged

Algorithm 14 Block Gauss-Seidel mmltidisciplinary analysis algorithm
Input: Design variables x
Output: Coupling variables, y
0: Initiate MDA iteration loop
repeat
1: Evaluate Analysis 1 and update yy{ya, y2)
2: Evaluate Analysis 2 and update yo{iy. )
3: Evaluate Analysis 3 and update ya{iy1. 42)
until 4 — 1: MDA has converged

A block Gauss-Seidel multidisciplinary analysis (MDA)

Multidisciplinary Design Optimization
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1
Gradients

[2: dffdr, defdr b

A pradient-based optimization procedure.
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XDSM for solving the AAO problem.

The All-at-Once (AAO) Problem Statement




Diagram for the SAND architecture.

Simultaneous Analysis and Design (SAND)

Functions
Diagram of the IDF architecture.

Individual Discipline Feasible (IDF)

Diagram for the MDF architecture with a Ganss—Seidel multidiseiplinary analyvsis.



Multidisciplinary Feasible (MDF)

. Diagram for the C550 architecture.

Concurrent Subspace Optimization (CSSO)



Algorithm 156 C550
Input: Initial design variables «
Output: Optimal variables ©*, objective function f*, amd constraint wlues *
0: Initiste main CSSO iteration
repeat
1= Initiate a design of experiments (DOE) to generate design points
for Each DOE pont do
2: Initinte an MDA thst uses exact disciplinary information
repeat
3: Evaluate discipline analyses
4: Update coupling variables y
until 4 = 3: MDA has converged
5: Update the disciplinary surrogate models with the latest design
end for 6 — 2
7: Initiate independent disciplinary optimizations (in paraliel)
for Each discipline i do
repeat
B Imitiate an MDA with exact coupling varisbles for discipline i and approxamate coupling
variables for the other disciplines
repeat
9: Evaluate discipline i ontputs yi, and surrogate models for the other disciplines, gy
until 10— 9 MDA has comverged
11: Compute ohjective fj and constraint functions ¢ using current data
until 12 — 8: Disciplinary optimization i has converged
end for
13: Initiate s DOE that uses the subproblem solutions ss sample points
for Each subproblem solution ¢ do
14: Initiate an MDA that uses exact disciplinary information
repeat
15: Evaluate discipline analyses.
until 16 — 15 MDA has converged
17: Update the disciphinary surrogate models with the newest design
end for 18 — 14
19: Initiate system-level optimization
repeat
20: Initiate an MDA that uses only surrogate model information
repeat
21: Ewvaluate disciplinary surrogate models
until 22 — 21: MDA has converged
23: Compute objective fo, and constraint function values ¢
until 24 — 20: Svstem level problem has converged
until 25 — 1: OSSO has comverged
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: Diagram for the CO architecture.

Collaborative Optimization (CO)



Algorithm 16 Collaborative optimization

Input: Initial design variables x
Output: Optimal variables x*, objective function f*, and constraint values ¢*
(): Initiate system optimization iteration
repeat
1: Compute system subproblem objectives and constraints
for Each discipline i (in parallel) do
1.0: Initiate disciplinary subproblem optimization
repeat
1.1: Evaluate disciplinary analysis
1.2: Compute disciplinary subproblem objective and constraints
1.3: Compute new disciplinary subproblem design point and .J;
until 1.3 — 1.1: Optimization i has converged
end for
2: Compute a new system subproblem design point
until 2 — 1: System optimization has converged

no data)

[

XDSM for the ECO architecture



Algorithm 17 Enhanced collaborative optimization

Input: Initial design variables x
Output: Optimal variables *, objective function f*, and constraint values ¢*
0: Imitiate ECO iteration
repeat
for Each discipline i do
1: Create linear constraint model
2: Initiate disciplinary subproblem optimization
repeat
3: Evaluate nonlocal constraint models with local duplicates of shared variables
3.0: Evaluate disciplinary analysis
3.1: Compute disciplinary subproblem objective and constraints
4: Compute new disciplinary subproblem design point and J;
until 4 — 3: Disciplinary optimization subproblem has converged
end for
5: Initiate system optimization
repeat
6: Compute .Jy
7: Compute updated values of xp and y*.
until 7 — 6: System optimization has converged
until 8 — 1: The Jy is below specified tolerance
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Diagram for the BLISS architecture



Algorithm 18 BLISS

Input: Initial design variables x
Output: Optimal variables x*, objective function f*, and constraint values «*
0: Initiate system optimization
repeat
1: Initiate MDA
repeat
2: Evaluate discipline analyses
3: Update coupling variables
until 3 — 2: MDA has converged
4: Initiate parallel discipline optimizations
for Each discipline i do
5: Evaluate discipline analysis
6: Compute objective and constraint function values and derivatives with respect to local
design variables
7: Compute the optimal solutions for the disciplinary subproblem
end for
8: Initiate system optimization
9: Compute objective and constraint function values and derivatives with respect to shared
design variables using post-optimality analysis
10: Compute optimal solution to system subproblem
until 11 — 1: System optimization has converged
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Diagram for the BLIS5-2000 architecture




Algorithm 19 BLISS-2000

Input: Initial design variables x
Output: Optimal variables x*, objective function f*, and constraint values ¢*
0: Initiate system optimization
repeat
for Each discipline i do
1: Initiate a DOE
for Each DOE point do
2: Initiate discipline subproblem optimization
repeat
3: Evaluate discipline analysis
4: Compute discipline objective f; and constraint functions ¢;
5: Update the local design variables x;
until 5 — 3: Disciplinary optimization subproblem has converged
6: Update surrogate model of optimized disciplinary subproblem with new solution
end for 7—1
end for
8: Initiate system subproblem optimization
repeat
9: Interrogate surrogate models with current values of system variables
10: Compute svstem objective and constraint function values
11: Compute a new system design point
until 11 — 9 System subproblem has converged
until 12 — 1: System optimization has converged

——

Diagram for the ATC architecture



Algorithm 20 ATC

Input: Initial design variables x
Output: Optimal variables x*, objective function f*, and constraint values ¢*
0: Initiate main ATC iteration
repeat
for Each discipline i do
1: Initiate discipline optimizer
repeat
2: Evaluate disciplinary analysis
3: Compute discipline objective and eonstraint functions and penalty function values
4: Update discipline design variables
until 4 — 2: Discipline optimization has converged
end for
5: Initiate system optimizer
repeat
6: Compute system objective, constraints, and all penalty functions
T: Update system design variables and coupling targets,
until 7 — 6: System optimization has converged
%: Update penalty weights
until 8 — 1: Penalty weights are large enough
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Diagram for the penalty decomposition architectures EPD and IPD



Algorithm 21 EPD and IPD

Input: Initial design variables x
Output: Optimal variables z*, objective function f*, and constraint values ¢*
0: Initiate main iteration
repeat
for Each discipline i do
repeat
1: Initiate discipline optimizer
2: Evaluate discipline analysis
3: Compute discipline objective and constraint functions, and penalty function values
4: Update discipline design variables
until 4 — 2: Discipline optimization has converged
end for
5: Initiate system optimizer
repeat
6: Compute all penalty functions
7. Update system design variables and coupling targets
until 7 — 6: System optimization has converged
8: Update penalty weights.
until 8 — 1: Penalty weights are large enough

MDO of Independent Subspaces (MDOIS)
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Diagram for the MDOIS architecture



Algorithm 22 MDOIS

Input: Initial design variables x
Output: Optimal variables x*, objective function f*, and constraint values ¢*
0: Initiate main iteration
repeat
repeat
1: Initiate MDA
2: Evaluate discipline analyses
3: Update coupling variables
until 3 — 2: MDA has converged
for Each discipline i do
4: Initiate disciplinary optimization
repeat
5: Evaluate discipline analysis
6: Compute discipline objectives and constraints
7. Compute a new discipline design point
until 7 — 5: Discipline optimization has converged
end for
until &8 — 1 Main iteration has converged

Algorithm 23 Q5D

Input: Initial design variables x
Output: Optimal variables x*, objective function f*, and constraint values ¢*
0: Initiate system optimization
repeat
1: Compute system objectives and constraints
for Each discipline i do
1.0: Initiate discipline optimization
repeat
1.1: Ewvaluate discipline analysis
1.2: Compute discipline objective and constraints
1.3: Update discipline design point
until 1.3 — 1.1: Discipline optimization has converged
end for
2: Compute a new system design point
until 2 — 1: System problem has converged

Quasiseparable Decomposition (QSD)
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Diagram for the QSD architecture

Diagram for the ASO architecture

Asymmetric Subspace Optimization (ASO)



Algorithm 24 ASO

Input: Initial design variables x
Output: Optimal variables z*, objective function f*, and constraint values ¢*
0: Initiate system optimization
repeat
1: Initiate MDA
repeat
2: Evaluate Analysis 1
3: Evaluate Analysis 2
4: Initiate optimization of Discipline 3
repeat
5. Evaluate Analysis 3
6: Compute discipline 3 objectives and constraints
7: Update local design variables
until 7 — 5: Discipline 3 optimization has converged
2: Update coupling variables
until 8 — 2 MDA has converged
9: Compute objective and constraint function values for all disciplines 1 and 2
10: Update design variables
until 10 — 1: System optimization has converged
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The different approaches for handling coupled multidisciplinary systems



Existing MOEA Solution Technigues
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Multi Objective Evolutionary Algorithms
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